Abstract. The optimal design task of this paper seeks the distribution of two materials of prescribed amounts for maximal torsion stiffness of an infinite bar of a given cross section. This example of relaxation in topology optimization leads to a degenerate convex minimization problem
1.
Introduction. This paper appears to be the first attempt to utilize mixed finite element methods (MFEMs) for degenerate minimization problems in the calculus of variations. The usage of MFEMs [5] in relaxed formulations for macroscopic simulations in computational microstructures [3, 7, 9, 24] is motivated by the properties of the primal and dual variables. The primal variables (e.g., a deformation or displacement) may be nonunique [17] or less regular, while the dual (e.g., a flux or stress) variable is unique and locally smooth [6] . Hence a mixed scheme, which relies on smooth dual variables, might enjoy superior convergence properties.
The model problem is motivated by an optimal design problem, where a given domain Ω ⊂ R 2 has to be filled with two materials of different elastic shear stiffnesses with energy The model has been analyzed in [18, 11, 22, 23] and computed in [19, 20, 21, 6] . Recently, a convergent adaptive finite element method in its primal form was introduced in [4] .
While the solutions of the primal and dual problem coincide in the continuous case, this does not need to be true for discrete calculations in general. In the dual formulation, we avoid the difficulties arising from the fact that the gradient of the energy density functional ϕ 0 is not strongly monotone. This may lead to multiple primal variables u, while there is a unique stress-type variable σ := ϕ 0 (|∇u|) sign ∇u [6, 8, 4] . In contrast to the continuous differentiability of ϕ 0 , its conjugate function ϕ * 0 is solely Lipschitz continuous. To overcome the lack of differentiability we approximate ϕ * 0 by its Yosida regularization ϕ * ε . The proposed mixed formulation is based on the following dual formulation: Seek (u, σ) ∈ L 2 (Ω) × H (div, Ω) with div σ + f = 0 and ∇u ∈ ∂Φ *
The discretization is based on piecewise polynomial subspaces RT 0 (T ) ⊆ H (div, Ω) and P 0 (T ) ⊆ L 2 (Ω) named after Raviart and Thomas and introduced in section 3. For ε > 0 piecewise constant with respect to T , the discrete regularized dual problem reads as follows: Seek (u εh , σ εh ) ∈ P k (T ) × RT k (T ) such that for all (v h , τ h ) ∈ P k (T ) × RT k (T ) it holds that
The main theorems in section 3 verify that poor a priori error estimates are caused by the lack of smoothness, while efficient and reliable a posteriori error estimates are derived. Numerical simulations show that the convergence of the adaptive scheme is improved in the presence of geometric singularities such as nonconvex corners. Furthermore, compared to the primal formulation as considered in [4] , the experiments of section 6 of the regularized dual mixed form reveal reduced convergence rates but no efficiency-reliability gap.
The remaining parts of the paper are organized as follows. Section 2 covers a preliminary analysis of the model problem and its energy density function. The regularized and discrete mixed formulation of the problem is introduced in section 3, followed by the investigation of the existence and uniqueness of the exact and discrete solutions in section 4. Section 5 presents a thorough a priori and a posteriori error analysis. The adaptive mesh-refining algorithm and some numerical experiments conclude the paper in section 6.
In this paper we follow the standard notation for the Lebesgue
, while ·, · denotes the scalar product in R n .
Let 0 < t 1 < t 2 and the reciprocal shear stiffness 0 < μ 1 < μ 2 < ∞ with t 1 μ 2 = μ 1 t 2 , and let 0 < ξ < 1 represent the ratio of amounts of the two materials, |Ω 1 | = ξ |Ω|, |Ω 2 | = Ω − |Ω 1 |, and t 1 = 2λμ 1 /μ 2 . The Lagrange parameter λ ∈ R is fixed for a specific geometry Ω and the choice of ξ [4, 14, 17, 18, 19, 20, 21] .
In the relaxed formulation of the model from [19, 20, 21] , the right-hand side f ≡ 1 is constant and the locally Lipschitz continuous energy density function ϕ 0 : [0, ∞) → R reads as
Thus, the primal formulation is the minimization of E in (1.1). There exist minimizers of E which are not necessarily unique. For f ∈ L 2 (Ω), the stress field σ := ϕ 0 (|∇u|) sign ∇u is unique and locally smooth, i.e., σ ∈ H
Dual functional and Yosida regularization.
Direct calculations lead to the dual function ϕ * 0 of ϕ 0 and its Yosida regularization ϕ * ε as stated in the following lemma. We use the standard notation of convex analysis [25] . 
It is piecewise polynomial and globally convex, and it is Lipschitz continuous on compact subsets but not differentiable at
For fixed ε > 0 and all t ≥ 0, the Yosida regularization ϕ *
. Then, the difference of ϕ * 0 and ϕ * ε is bounded in the sense that
The function ϕ * ε is differentiable, and hence the subgradient ∂ϕ * 
its dual, and its regularized dual function enjoy the following properties.
with the unit ball B(0, 1) := {x ∈ R n | |x| ≤ 1} and
Notice that ϕ ε (0) = 0 and ϕ ε (0) = ϕ 0 (0) = 0 imply
For ε > 0 and all F ∈ R n , the dual of Φ ε = ϕ ε (|·|) reads as
(ii) Convexity control for Φ 0 . The function Φ 0 allows convexity control in the sense that for all a, b ∈ R n , A ∈ ∂Φ 0 (a), and for all B ∈ ∂Φ 0 (b), it holds that
(iii) Strong monotonicity of ∂Φ * ε . The subgradient ∂Φ * ε is strongly monotone in the sense that, with C M := μ 2 + ε and ε ≥ 0, it holds that
(iv) Strong convexity of Φ * ε . For all ε ≥ 0, the strong monotonicity of ∂Φ * ε and the definition of the subdifferential lead to
for all a, b ∈ R n ; cf. [ 
This estimate can be extended to Φ * ε and ε ≥ 0 in the sense that
o t h e r w i s e .
Mixed formulation and its discretizations.

Motivation for mixed formulation. The direct method of calculus of variations yields the existence of a minimizer
The exact stress σ = ϕ 0 (|∇u|) sign (∇u) satisfies the equilibrium div σ + f = 0 in Ω as the strong form of the Euler-Lagrange equations. Given any right-hand side f ∈ L 2 (Ω) and the convex
By duality of convex functions it holds, for all α, a ∈ R n , that
This allows the reformulation
Consequently, (P) reads in terms of the conjugated functional as
The corresponding weak mixed formulation (D ε ) reads as follows:
3.3. Discrete formulation. Given a shape-regular triangulation T into triangles T of Ω which coversΩ = ∪ T ∈T T exactly, let E denote the set of edges E of T and E (Ω) the set of interior edges. For any k = 0, 1, 2, . . . , set
across an interior edge E = ∂T + ∩ ∂T − shared by the two neighboring triangles T + and T − . The Raviart-Thomas finite element space is defined as
For piecewise constant ε > 0 on T , the discrete formulation of (D ε ) reads as follows:
4. Existence of exact and discrete solutions. For the discrete form of the original primal problem (P) in section 3.1, the discrete primal stress
is a piecewise constant solution and existence of u P h ∈ P 1 (T ) ∩ V and the uniqueness of σ P h are clarified in [4] . In contrast to the continuous case, the primal and dual solutions of the discrete problem do not necessarily coincide and the first step is to prove existence of a discrete solution (u h , σ h ) of the discrete form of the dual problem (D).
Let
be the piecewise polynomial L 2 (Ω) projection of f with respect to T of degree at most k ≥ 0, and define 
There exists a unique discrete maximizer
and for all ε ≥ 0 there exists a unique maximizer
Furthermore, for ε ≥ 0 piecewise constant with respect to T there exists some u εh such that (u εh , σ εh ) solves (D εh ). The Lagrange multiplier u εh is unique for ε > 0.
Proof. The divergence operator div :
is linear and bounded. Hence, Q(f ) is a closed affine subspace. Since Φ * ε is a strongly convex function of quadratic growth on H(div, T ) for all T ∈ T , −E * ε is strongly convex via
is a closed affine and finite-dimensional subspace and therefore convex and there exists a unique minimizer
This proves the existence and uniqueness of a discrete maximizer of E * ε for all ε ≥ 0. Furthermore, there exists some ξ h ∈ ∂(−E * ε (σ εh )) with −ξ h ∈ ∂χ Q(f,T ) (σ εh ). The latter reads as
It is well known that the bilinear form b :
fulfills the inf-sup condition. Therefore the operator B and its dual B * ,
there exists a unique Riesz representation u εh ∈ P 0 (T ) with
This implies that (σ εh , u εh ) solves the problem (D εh ). While ξ h and thus u εh are unique for ε > 0; ξ h and thus u h may be nonunique for ε = 0.
Error analysis.
This section is devoted to the error analysis of (D εh ) by means of the lowest-order Raviart-Thomas finite element space RT k (T ) for k = 0.
A priori regularization error analysis.
Theorem 5.1. For ε > 0 piecewise constant with respect to T and for
For sufficiently small maximal
Proof. Subsection 2.3(iv) ensures strong convexity of DΦ * ε on all T ∈ T , which implies strong convexity on Ω, i.e.,
Hence, the preceding inequalities hold for all elements of the sets DΦ * ε (σ ε ), ∂Φ * 0 (σ) such as ∇u ε = DΦ * ε (σ ε ) and ∇u ∈ ∂Φ * 0 (σ). An integration by parts shows that
Recall that the Yosida regularization ϕ * ε (t) of ϕ * 0 (t) from Lemma 2.1 with C μ > 0 allows for the upper bounds
Therefore,
Thus, for sufficiently small ε ∞ , it holds that
A priori error analysis of spatial discretization.
Let Ω h denote the subset of all x in Ω where either
Similarly, Ω εh denotes the subset of Ω of microstructure region for the regularized dual energy density function, i.e.,
The subsequent a priori error estimate leads to an estimate
for the dual solution σ ε ∈ H 1 (Ω; R 2 ) and maximal mesh size H := max T ∈T h T , h T := |T | 1/2 . For sufficient conditions for the H 1 -regularity of the exact dual solution σ see [6] .
Theorem 5.2. Let f ∈ L 2 (Ω) be piecewise constant with respect to T , and let
Before the proof of Theorem 5.2 concludes this section, some remarks are in order. The numerical investigations in [18] are motivated by the following question: Does microstructure arise in this example in the sense that {|σ| = t 1 μ 2 } has a positive area? This zone of nontrivial Young measure solutions has been observed in the numerical simulations [4, 18] 
The strong monotonicity of Φ * ε of subsection 2.3(iii) on each T ∈ T yields
, the following estimate holds:
Cauchy-Schwarz's inequality, subsection 2.3(vi), and the estimates of Fortin's interpolation with C F > 0 lead to
With Ω εh from the beginning of this subsection and subsection 2.3(vi) in the sense of
Young's inequality proves the assertion 
A posteriori error analysis.
Proof. The triangle inequality and the estimates of Theorem 5.1 reveal that
Furthermore, the inequality of subsection 2.3(iii) leads for ε > 0 to
Since ∇u ε = DΦ * ε (σ ε ), the right-hand side equals
An integration by parts with u ε ∈ V shows that this equals
Since div (σ ε − σ εh ) = f − f h ≡ 0 for piecewise constant f , the first term vanishes. The same argument for any v ∈ V results in
Hence,
The Helmholtz decomposition [12] of DΦ * ε (σ εh ) in α ∈ V and β ∈ H 1 (Ω)/R reads as
with an orthogonal split (∇α, Curl β) L 2 (Ω) = 0. Hence,
For z ∈ N define ω z := {T ∈ T | z ∈ T } as the patch to the node z. Define the nodal function φ z ∈ S 1 (T ) by φ z (z) := 1 for z ∈ N and φ z (y) = 0 for y ∈ N \ {z}. Thus, Curl Jβ ∈ P 0 (T ) ∩ H (div, Ω) ⊂ RT 0 (T ) and for β ∈ H 1 (Ω) the following estimates hold [10] :
Let [Jβ]·ν denote the jump of Jβ in the normal direction across (and [Jβ]·τ in the tangential direction along) the edges in E.
Let C C > 0 be a constant from Clément's interpolation error estimates. The orthog- 
Numerical experiments.
This section is devoted to numerical experiments for the degenerate variational problem in its dual discrete mixed formulation (D εh ) based on the Raviart-Thomas FEM in comparison to the discrete solutions of (P) in [4] with the P 1 -FEM on the domains of Figure 6 .1: the square, the L-shaped domain, and the octagon. In all of these examples the loads and the boundary conditions are given by f ≡ 1 and u D ≡ 0. The material distribution is set to ξ = 0.5; thus both materials fill half of the domain, with the material parameters μ 1 = 1 < μ 2 = 2.
Preliminary remarks.
In the variational formulation of the primal problem the Lagrange multiplier for the material distribution is λ; cf. [4] for a motivation and the computation of the optimal values shown in Figure 6 .1.
However, an approximation of the exact primal and conjugated energy seems very discerning. The arduousness lies in the fact that extrapolation is significant only on uniform meshes, while for uniformly refined meshes the contact zone of both materials in the cross section is not adequately resolved. Thus, only a low number of digits appears trustworthy. This leads to objectionable effects in the convergence graphs of the approximation of the energy error. The extrapolation of sequences of 
on uniform meshes based on the dual mixed formulation (D εh ) appears unreliable. The listed extrapolated energies E A have been calculated by some Aitken extrapolation algorithm on uniform refined meshes, generated by the S 1 conforming FEM based on the discrete form of the primal problem (P) as in [4] .
The analysis of section 5 motivates the following two estimators η H and η R for ε > 0:
Since the exact solution is not available, the convergence behavior of the estimators (6.1) and (6.2) is compared for adaptive and uniform mesh refinement.
The following algorithm solves (D εh ) and decreases ε locally for an accurate computation. Remark 6.2. The error estimators η H and η R , the exact stress errors σ − σ εh L 2 (Ω) , and the square root of the energy error δ := |E(σ εh ) − E A | have been evaluated for various parameters and have led to the conjecture that α = β = 1 is a proper choice for the regularization parameter ε = h T in Algorithm 6.1.
Optimal design on different domains.
To analyze the quality of results produced by Algorithm 6.1, it is applied to the examples introduced in Figure 6 .1. For each domain, the exact energy is approximated by an Aitken extrapolation of the discrete energy; this extrapolated energy E A is given in Figure 6 .1.
For each domain, the subsequent figures show the approximated optimal volume fraction With the L-shaped domain and adaptive refinement the rate of convergence compared to uniform refinement is improved significantly. Apparently, the area {x ∈ Ω | t 1 < |∇u εh (x)| < t 2 }, where both materials are present, seems to be very small.
If the parameter ξ, which influences the volume fraction of each material, is chosen in a way such that the contact zone is just a boundary, i.e., there is no subdomain where both materials are present, the error estimators show optimal convergence; cf. Figure 6 .15 for the L-shaped domain and ξ = 0.8.
